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1. Basic Computability Theory

Classical computability theory studies sets of integers (𝜔) under the relation
of relative computability. Intuitively, a set 𝐴 ⊂ 𝜔 is computable from 𝑋 ⊂ 𝜔
(written 𝐴 ≤T 𝑋) if there is an algorithm that can decide membership of
elements in 𝐴 by asking questions about membership in 𝑋. A set 𝐴 is
computably enumerable (c.e.) if there is an algorithm that can list (in some
order) the elements of 𝐴. The equivalence classes of sets which are relatively
computable in each other (𝐴 ≤T 𝑋 and 𝑋 ≤T 𝐴) are known as the Turing
degrees and the smallest such degree is denoted 0. The sets of degree 0 are
termed the (outright) computable sets. We identify total functions on the
integers (elements of 𝜔𝜔) with their graphs; so a computable function 𝑓 is one
where some algorithm can decide whether 𝑓(𝑥) = 𝑦 for any 𝑥, 𝑦 ∈ 𝜔.

Given a set 𝑋 ⊂ 𝜔, we define the jump of 𝑋 (written 𝑋 ′) as the set of
(integer indexes for) algorithms that halt when allowed to ask membership
questions about 𝑋. One can think of 𝑋 ′ as the natural set providing answers
to unbounded searches computable in 𝑋. As waiting for a number to appear
in an enumeration is a type of search, 0′ is able to determine membership
in any c.e. set. As 0′ is also the degree of a c.e. set, we call c.e. sets of this
degree complete. We will denote the result of iterating the jump 𝛼 times
(with 𝛼 a computable) ordinal) by 𝑋(𝛼). We use the term tree to refer to
a subset of 𝜔<𝜔 closed under initial segments and define a 𝛱0

𝑛 class to be a
set of elements in 𝜔𝜔 satisfying some 𝛱0

𝑛 formula.

2. Implicit Definability and Rate of Growth

The study of functions computable from sufficiently fast growing functions
goes back to the earliest days of computability theory. In the 1950s Kuznecov
and B. A. Trahtenbrot [10] as well as Myhill [11] established that every
function 𝑓 pointwise above 𝑔, denoted 𝑓 ≫ 𝑔, uniformly computes 𝑔 if and
only if 𝑔 is a 𝛱0

1 singleton. Jockusch and McLaughlin studied the notion
of computable in every pointwise dominating function under the name 0-
majorreducibility and Solovay [14] identified those functions computable by
all sufficiently fast growing functions with the 𝛥1

1 definable functions. We
adopt the more recent terminology from Slaman and Groszek[6]. By their
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definition a function 𝑓 ∈ 𝜔𝜔 is a modulus (of computation) of a function 𝑋
if every 𝑔 ∈ 𝜔𝜔 with 𝑔 pointwise above 𝑓 (written 𝑔 ≫ 𝑓) 𝑔 can compute 𝑋.
A self-modulus is then a function 𝑓 such that 𝑓 is a modulus for 𝑓 . We call a
modulus uniform if there is a single function witnessing the reduction.

In my thesis I explored several properties of moduli and self-moduli. One
particularly interesting question I addressed was the existence of non-uniform
self-moduli. Say a function 𝑔 is a 𝛼-nonuniform self-modulus if 𝑔 is a self-
modulus but nothing truth-table computable1 from 𝑔𝛼 is not a uniform
modulus of 𝑔. While interesting in it’s own right, what is particularly com-
pelling about this notion is its connection to genericity and implicit defin-
ability. Previously Kuznecov and Trahtenbrot [10] and latter Myhill [11]
had identified 𝛱0

1 singletons with uniform self-moduli. I was able to extend
their result to the following theorem2

Theorem (Gerdes, Theorem 4.1 in [5]). ℎ(𝛽) truth-table computes a uniform
modulus for ℎ if and only if ℎ is a 𝛱0

𝛽+1 singleton.

Thus, lacking a uniform modulus in 𝛼 jumps can be seen as a kind of 𝛱0
𝛼+1

genericity property. However, having a modulus of computation is itself a
kind of uniqueness property and thus in tension with the genericity required
to avoid having a uniform modulus. Thus my result

Theorem (Gerdes, Theorem 4.3 in [5]). For each 𝛼 ∈ 𝒪 there is a a self-

modulus 𝑔 ≤T 0(𝛼) such that no 𝑓 ≤tt 𝑔(𝛽) for any 𝛽 <𝒪 𝛼 is a uniform
modulus for 𝑔.

can be seen as demonstrating the existence of functions that are globally
somehow very generic but locally special. The trick I employed to resolve
this tension was to build 𝑔 as a very typical and non-isolated element of some
𝛱0

1 class in 𝜔𝜔 yet in such a fashion that every member 𝑔 of the 𝛱0
1 class

was locally special. In particular, I built 𝑔 so that function ℎ majorizing 𝑔
could either uniquely recover 𝑔 by using it’s knowledge of where 𝑔 was small
or was so fast growing it could directly compute the function 𝑔. This general
approach of coding 𝑔 into the locations at which 𝑔 is small (i.e. less than the

uniform self-modulus for 0(𝛽) ≥T 𝑔) was also deployed in my thesis to prove
the finite version of the above theorem but to generalize the construction
to the infinite case I needed a manageable way to construct 𝛱0

1 classes of
arithmetically typical elements. I eventually found the approach I needed
in Harrington’s solution to McLaughlin’s conjecture [7] where he described
how to build a (non-trivial) 𝛱0

1 class with each element in some sense generic
relative to the class, i.e., the truth or falsity of any 𝛱0

𝛼 statement about a
path 𝑔 in the class is decided by some finite initial segment of 𝑔. However, as
Harrington’s approach had only appeared in brief set of unpublished notes,

1Equivalently computable via a reduction which is total on all possible oracles.
2The theorem is reworded for easier readability in this context

2



Research Statement Peter M. Gerdes December 2010

in my paper [5] I first had to present a rigorous proof of Harrington’s result.
This required I provide my own non-trivial arguments and constructions to
fill in missing details. While Harrington’s results were accepted as valid,
there was a desire by several members of the community to see a rigorous
proof of his result and it’s corollaries in print. For this reason I included in
my paper rigorous proofs of several of Harrington’s corollaries in addition
to describing the basic method I required for my result.

3. Properties of 𝜔-REA sets

Up to Turing degree one may define a 𝜔-REA set as follows

Definition. 𝐶 ⊆ 𝜔 is 𝜔 − REA iff there is a computable function 𝑓 such
that

𝐶 [𝑛] = 𝑊𝑓(𝑛),𝐶[<𝑛]

In effect this says that an 𝜔-REA set is one in which the 𝑛+1 column of the
set is a c.e. set relative to the first 𝑛 columns and the computation of the
𝑛 + 1 column from the first 𝑛 columns is given uniformly. Professor Shore
observed that if 𝐶 �T 0 is 𝜔 − REA then ∃𝐵 ≤T 𝐶 with 0 <T 𝐵 <T 0′′

and asked if this would still hold if 0′′ was replaced with 0′. I answered this
question in the negative in [4] with the following theorem.

Theorem (Gerdes, Theorem 1.2 in [4]). There is an 𝜔 − REA set 𝐶 �T 0
such that 0′ ∧T 𝐶̃︀ = 0

Since allowing any column in the set 𝐶 to be non-computable would prevent
𝐶 from satisfying the theorem my construction of 𝐶 proceeded by viewing
𝐶 as the result of some c.e. list of commitments for the computations build-
ing later columns of 𝐶 from earlier ones. I then used a 𝛱0

2 approximation
argument to control these commitments and thereby constructing 𝐶. This
framework is augmented by a strategy to prevent incompatible guesses about
how requirements are fulfilled from interfering with each other plus a mech-
anism that always allows intermediate commitments to be rolled back so
that if we ever see a later guess at the value of 𝛷𝑖(𝐶) that disagrees with an
earlier guess we can switch between these two guesses as needed to ensure
𝛷𝑖(𝐶) disagrees with a given 𝛥0

2 set.

4. Automorphisms of the c.e. Sets

In joint work with Peter Cholak and Karen Lange I’ve worked on questions
about the automorphisms of the lattice of c.e. sets. We denote the class of
c.e. sets structured by set containment by E . Thus an automorphism 𝑝 of
E is a bijection of the c.e. sets such that 𝑝(𝑊𝑒) ⊆ 𝑝(𝑊𝑖) ⇐⇒ 𝑊𝑒 ⊆ 𝑊𝑑. In
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exploring these automorphisms, we focused on the 𝑛-tardy sets. Informally,
a c.e. set is 𝑛-tardy if it allows elements to enter only very slowly. More
formally, for every total computable function 𝑝(𝑠) there there is a sequence
of c.e. sets 𝑋𝑒1 , 𝑋𝑒2 , . . . , 𝑋𝑒𝑛 such that:

𝑋𝑒1 −𝑋𝑒2 ∪𝑋𝑒3 −𝑋𝑒4 . . .
def
= 𝑋𝑛

𝑒 = 𝐴

[∀𝑥][∀ 𝑠]
[︀
𝑥 ∈ 𝑋𝑛

𝑒,𝑠 → 𝑥 ̸∈ 𝐴𝑝(𝑠)

]︀
The interest in E extends back to the work of Lachlan, Martin and others in
the 1960s. Initial investigations only deployed effective constructions of au-
tomorphisms, but this technique was an obvious limitation. Further progress
resulted from increasingly sophisticated methods to construct increasingly
less effective automorphisms. As the tools for constructing automorphisms
became more powerful the class of sets known to be automorphic to a com-
plete set grew to include many classes of c.e. sets. This naturally raised
the question of whether every c.e. set was automorphic to a complete set.
Harrington and Soare [9] finally resolved this question by defining a prop-
erty 𝑄(𝐴) in the language of E guaranteeing incompleteness. In particular
𝑄(𝐴) guaranteed incompleteness by requiring elements to enter in a very
slow fashion, i.e., 𝑄(𝐴) entails that 𝐴 is 2-tardy.

Harrington and Soare’s construction of an incomplete orbit left two major
issues unresolved. First, what kind of sets can be 𝑛-tardy, and second, what
other incomplete orbits, if any, exist? These two issues are closely related
as Harrington and Soare demonstrated every set that isn’t very tardy is
automorphic to a complete set. Therefore, studying the properties of the
very tardy sets throws light on the existence and potential properties of other
incomplete orbits. In joint work with Karen Lange and Peter Cholak, I’ve
made substantial contributions to the understanding of both issues.

Harrington and Soare asked in [8] whether every 3-tardy set is computable
from some 2-tardy set. This question is of particular interest as by Harrington
and Soare this was equivalent to asking whether every 3-tardy was com-
putable by some set in every orbit. We resolved this question with the
following theorem:

Theorem (Theorem 2.1 in [3]). There is a 3-tardy set 𝐴 such that for all
2-tardy sets 𝐵, 𝐴 �𝑇 𝐵.

The proof of the above theorem used a novel kind of construction that paired
up dangerous requirements with backups in such a way that the threat to
the primary requirement could only be avoided by granting an injury free
win to the backup. We also established that Harrington and Soare’s result
showing no low simple set could be 2-tardy set is sharp by proving:

Theorem (Theorem 5.2 in [3]). There is a simple 2-tardy set 𝐴 with 𝐴′′ = 0′′
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More significantly, we succeeded in showing that not only is there more than
one incomplete orbit, but there are as many incomplete orbits as possible.
In particular, we defined a generalization 𝑄𝑛(𝐴) of 𝑄(𝐴) in the language
of E with 𝑄2(𝐴) = 𝑄(𝐴) and proved the following theorems about these
properties:

Theorem (Theorem 3.4 in [3]). If 𝑄𝑛(𝐴) holds, then 𝐴 is 𝑛-tardy.

Theorem (Theorem 4.1 in [3]). For all 𝑚 ≥ 2 there is a properly 𝑚-tardy
𝐴 satisfying 𝑄𝑚(𝐴).

An immediate consequence of these two theorems is that there are countably
many incomplete orbits. Interestingly, the properties we exhibit are all 𝛱2

formulas in the language of E which, if they constitute an exhaustive list
of the incomplete orbits, would be a counterpoint to the result of Cholak,
Downey and Harrington [2] exhibiting a𝛴1

1 complete orbit.

5. Other Work and Future Directions

A question also posed by Shore relating to my work on 𝛼-REA sets is the
existence of an 𝛼-REA set of minimal arithmetic degree. While the ma-
chinery used in such a construction will likely build on what I used in [4],
the problem presents a different set of challenges. In particular, to be of
non-zero arithmetic degree one must avoid being computed by 0(𝑛) for every
𝑛 ∈ 𝜔 while still implementing some version of Sack’s tree strategy for the
construction of minimal degrees.

Another problem, suggested to me by Johanna Franklin, that I’ve recently
become interested in is whether the bi-hyperhyperimmune degrees are up-
ward closed. Johanna Franklin and Barbra Csima have constructed bi-
hyperhyperimmune sets in every degree above 0′′ but their coding argument
can’t be extended to show upward closure in general. While initially this
question might seem to have little to do with my previous research, it’s my
view that constructing a counterexample will require the use of both a 𝛱0

2

approximation argument to guess at which indexes code for valid weak ar-
rays as well as c.e. trees whose paths give possible Turing equivalent sets
via some particular functionals. By leveraging the c.e. trees one must then
construct weak arrays demonstrating every infinite path on these trees fails
to be bi-hyperhyperimmune.

Finally, another problem recently brought to my attention by Simpson (with
background available in [13]) is the question of whether 𝒫𝑤 is dense under
weak reducibility where 𝒫𝜔 is the lattice of mass problems associated with
non-empty 𝛱0

1 classes. In weak reducibility, one collection of Turing degrees
𝑃 is weakly reducible to 𝑄 if any degree 𝑑̃︀ ∈ 𝑄 computes some 𝑑̃︀′ ∈ 𝑃 .
Thus, being able to produce a member of 𝑄 is at least as hard as being able
to produce a member of 𝑃 .
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𝒫𝑤 is dense under weak reducibility if given any two 𝛱0
1 classes 𝑃 <𝑤 𝑄 in

cantor space there is some 𝛱0
1 class 𝑅 with 𝑃 <𝑤 𝑅 <𝑤 𝑄. Simpson has

brought to bear on this question a powerful translation lemma [12] which
states that for any non-empty 𝛱0

1 class 𝑃 and 𝛴0
3 class 𝑆 there is some

𝛱0
1 𝑄 ≡𝑤 𝑆 ∪ 𝑃 . One initial strategy to prove 𝒫𝜔 is not dense suggested

by this lemma was to build a 𝛴0
3 class 𝑆 consisting of the cone strictly

above 𝑥̃︀, another 𝛴0
3 class 𝑆′ = 𝑆 ∪ 𝑥̃︀ and some non-empty 𝛱0

1 class not
containing 𝑥̃︀. Thus by the translation lemma there would be comparable
elements of 𝒫𝜔 differing only by 𝑥̃︀ thus contradicting the density of 𝒫𝜔.
However, after Simpson mentioned this approach to me at a conference I
was able to demonstrate that any 𝛴0,𝑥

3 class containing the cone above 𝑥̃︀must also contain 𝑥̃︀. While this result frustrates one particular approach
to the question of density the translation lemma still provides a powerful
tool with which to attack the problem. In particular, since 𝛴0

3 classes in the
Baire and Cantor spaces are equivalent (up to degree) the translation lemma
lets me bring my experience constructing complex 𝛱0

1 sets in the Baire space
to bear on this question. Though this approach might seem roundabout it
provides greater control and a larger toolkit than direct construction of 𝛱0

1

classes.

Though I’ve answered my initial questions about rate of growth and Turing
degree, the nice relation between having a (close) uniform modulus and
implicit definability naturally begs the question as to whether there is a
similar relation between having a (close) modulus and some alternative form
of implicit definability. Though vague, as stated this question seems closely
related to the question asked by Anderson in [1] calling for a characterization
of the reals 𝑛-generic relative to a perfect tree 𝑇 . The notion of genericity
used by Anderson allows the formula to make reference to the (pruned) tree
𝑇 itself and is the natural way to make functions that lack any modulus
computable within a small number of jumps. On the other hand, if the
notion of genericity is relaxed slightly so the formulas are no longer allowed to
reference 𝑇 , then being 𝛽+1 generic and non-isolated on some 𝑇 corresponds
to not being a 𝛱0

𝛽+1 singleton and, by my earlier result, is equivalent to
lacking any close uniform moduli. Taken together this suggests there are
promising connections between forcing on trees, implicit definability, and
the existence of a close moduli of computation.
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